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Abstract

This study proposes the realization of an Augmented Reality museum of mathematical-physical mod-
els for distinctly educational purposes and capable of explaining mathematical and geometric princi-
ples. Augmented Reality, in this context, would render them accessible while interacting with their
digital twins would not endanger the preservation of the originals, and furthermore, comprehension
would be enhanced thanks to the inclusion of explanatory contents. Following the teaching course
proposed from our experience, it is possible to build the replica of one's paper mock-up, thus giving
pedagogical value back to the mathematical models otherwise precluded when musealized in a show-
case or, worse, safeguarded in storerooms due to limited exhibition space. The first trials concern Max
Briickner's collection of polyhedra models, published in 1900 in Vielecke und Vielflache: Theorie und
Geschichte, which offers the opportunity to evaluate the potentials of Augmented Reality to renew
existence to a collection that is now lost.
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Fig. . The photographic
plates published in
Vielecke und Vielflache

in 1900 by Joannes

Max Briickner, show a
selection of the collection
of polyhedra created by
the author.

Introduction

The present contribution [ 1] is part of the cultural backdrop of the rediscovery of math-
ematical-physical models in the context of teaching geometry and the valorization of a
fragile cultural heritage, a characteristic due to the type of material used in the creation
of these objects. A heritage that has long been almost forgotten due to a lack of interest
that took place in a certain historical period [Apéry 2020] but which today is the focus
of numerous studies for their valorization and dissemination, both in the physical and the
digital world.

In this context, the present research proposes a new musealization of physical mathematical
models based on the use of Augmented Reality with the scope, in particular, “to the possibil-
ity of recreating collections” [Maniello, Amoretti 201 6], integrating an interactive educational
experience that concludes with the construction of one's own paper models. This kind of
project allows the exploration of Augmented Reality to overcome the limits of the physical
model in their not being usable, typical of the traditional museum experience.

The collection chosen for the first experimentation (Fig. 1) is shown in the photographic
plates published in 1900 by Max Briickner in Vielecke und Vielflache: Theorie und Geschichte,
which the author himself defines as a compendium of consolidated knowledge up to that
time of the theory of polygons and polyhedra, describing them from a theoretical and his-
torical point of view [Brickner 1900, Preface].

In the Appendix to the treatise, the German mathematician includes seven lithographic Ta-
bles and five double photographic Tables with numbered paper polyhedra set and ordered
on the shelves.

The importance of physical models on his work is likely due to the influence of Felix Klein, his
advisor for the doctoral thesis and one of the principal proponents of the use of images and
physical models in the development of mathematical intuition [Hart 2019].

The characteristics of the collection make it an important element to be inserted into the
broader musealization project. In fact, it already assumes the aspect of a homogeneous col-
lection but it is a Wunderkammer that elicits a nescient curiosity [Hart 2019].

Augmented Reality could add explanatory content to restore the educational value typical of
mathematical physical objects. Furthermore, those displayed are paper models, easily repli-
cated with common materials and tools, making them particularly suitable for an education
experience tending to the construction of one's own model. But above all the actual collec-
tion no longer exists save for the photographic plates in the book [Hart 20197, so it would be
possible to investigate the potentials for Augmented Reality to re-establish a rapport with a
gone heritage, and furthermore, the replication in the creation of new paper models would
bring it back to existence once more.
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The Musealization of Mathematical-Physical Models: Instruments and Prospects

The mathematical-physical models are objects conceived for distinctly educational purposes,
representing mathematical laws and principles in space and capable of explaining the features
of curves, algebraic surfaces, and complex polyhedra, revealing their spatial genesis. The
greatest strength resides in their materializing an immaterial construct of ideas composed of
abstract signs on a tangible object [Seidl, Loose, Bierende 2018, p. 20; Pavignano, Cumino,
Zich 2020].

The physical models were the main protagonists of the didactic theaters [teatri didattici Gay
2000] that characterized the teaching of math and geometry between the end of the nine-
teenth and the first half of the twentieth century. The use of these models spread thanks
also to the publication of numerous catalogs, aimed at promoting sales, in which the models
were often presented employing text, graphic representation, and analytic description [Pavi-
gnano, Cumino, Zich 2020]. It is precisely thanks to these publications and the few surviving
collections that the information regarding them has come down to us. Presently the models
are preserved in the display cases of university workshops or museum showcases but more
often in their storerooms, denying any utilization.

In recent years interest has been renewed regarding these collections, motivated by two
main intents. The first has to do with the possibility these objects offer to render mathemat-
ics visible [Hart, Heathfield 2017], an aspect of interest for those studies that focus on the
leading role of the geometric quality in the definition of the form in architecture [Pottmann,
Asperl, Hofer, Kilian 2013; Valenti 2019; Baglioni, Salvatore, Valenti 2020; Salvatore, Baglioni,
Valenti, Martinelli 202 1 ]. The other has to do with the aesthetic significance of these objects,
able to inspire artistic experimentation even now, as demonstrated by the works of the
American artist and mathematician George Hart [Hart 2005; Hart 2005a]. The ability to
make the genesis of very complex forms on a physical object clear had already fascinated
the vanguard artists who investigated the generative processes, even replicating the formal
outcomes [Baglioni, Farinella 2017].

The renewed interest in these collections has led to many experimentations aimed at their
valorization. Some concentrate on the valorization of the physical consistency of the sur-
viving collections, as is the case in the vast collection of models created by Alexander von
Brill's students at the University of Tubingen [Seidl, Loose, Bierende 2018, p. 15], where
others promote the integration of the collections via the modern technique of rapid pro-
totyping, such as the case of the Henri Poincaré Institute in Paris [Apéry 2020]. Still others
are directed towards the digitalization of their collections [2], which, however, lack the tactile
experience by which the hand which grasps learns, the hand that grasps comprehends [Di
Napoli 2004, p. 38].

In this context, Augmented Reality would allow the fruition of the digital model by better
simulating the perception of a real object in 3D space; being a link between the real and the
virtual, between physical and digital space, it can create the illusion of depth despite it being
visualized on the screen of a device. The use of Augmented Reality also has a great impact
on educational activity [Lin, Chen, Chang 2015], to improve, optimize, and render both the
teaching and learning process more immediate. The success of the use of digital technologies
has already been recorded in terms of interest and results in both teaching [Spallone, Palma
20217 and museum [Luigini, Panciroli 2018]. Furthermore, the potentialities of Augmented
Reality in the scope of the commmunication of long gone objects or sites have been extensive-
ly investigated [Empler 2019] and results demonstrate how its use can restore their con-
figuration as well as re-establish a rapport with them to a far greater extent than is possible
with a virtual reconstruction.

Finally, to understand the three-dimensional configurations of geometric forms or prob-
lems of spatial nature, the construction of one's own physical model is the most suitable
tool. Studies regarding teaching experiences that make use of the physical model for the
understanding of problems of a geometrical nature have shown how this practice is still rele-
vant and fundamental for students’ development [Cumino, Pavignano, Zich 2020; Spadafora
2020; Cumino, Pavignano, Zich 2021].
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Fig. 2. The photographic
plates illustrating the
collection become the
target by which the
Augmented Reality
experience is triggered.

The Collection Through Augmented Reality: an Interactive Pedagogical Experience

The main objective of this museum proposal is to restore life, using Augmented Reality, to a
lost collection. To this end it is necessary to know the characteristics of the collection itself;
all the models contained in it represent non-convex polyhedra, which, due to their complex-
ity, are not immediately recognizable merely by observing the photographs [Mikloweit 2020].
The lack of organization of the collection [Hart 2019] and any element that helps make
the represented polyhedra easily recognizable, render their classification even more ardu-
ous. The models are distributed on the shelves according to size, in order to save space
[3] [Brickner 1900, p. 183]. In this way, however, the polyhedra belonging to the same
category, such as the Kepler-Poinsot polyhedra, are randomly distributed among the plates.
The author explains the absence of colour as well, generally used in mathematical models
of polyhedra to provide characteristics and genesis of the represented form: the paper
models were coated with homogeneous white plaster to avoid problems with the collo-
type reproduction of the photographs [Brickner 1900, p. 183].

George Hart has identified and classified some of the polyhedra of the collection precisely
to show how it is full of interesting and also very complex examples, among which for ex-
ample the American mathematician identified ten stellations of the icosahedron, many of
which were constructed for the first time specifically by Brickner, including the complete
stellation [Hart 2019].

The classification was carried out by means of different approaches. Firstly, an analysis of
the models illustrated has permitted the identification of some of the best-known poly-
hedra, some prisms, and antiprisms. With the help of some texts on polyhedra [AA.VV.
1938; Coxeter 1948; Wenninger 1971; Wenninger 1983], it has been possible to classify
many other polyhedra, by comparing the models in the collection with those illustrated in
some of these publications.

To systematize the contents of a collection of this kind means making it understandable
and complete, so as to allow their promulgation. Organizing the collection by categories of
affine polyhedra and adding explanatory contents makes the definition of the educational
path possible that would restore to the collection its pedagogical value. Furthermore,
classifying the polyhedra makes their characteristics and geometric genesis known and
therefore makes their graphical, digital, and physical construction possible.

The integration of an interactive learning experience introduces an important issue to
reflect upon, that is the pedagogical problem of a balance between traditional and digital
instruments [Spadafora 2020]. In fact, this experience was conceived as a series of various
activities. The common thread is precisely Augmented Reality.

Mi
chela Ceracchi, Giulia Tarej
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Fig. 3. The first proposed
activity: visualization in
Augmented Reality of
the digital models of the
polyhedra.

Fig. 4. The second
proposed activity:
Augmented Reality
exploration of the
polyhedron, using it as a
model to be copied in the
drawing to comprehend
its configuration (left);
the third proposed
activity: the study of

the characteristics and
genesis of the polyhedron
in question through the
explanatory contents
that can be viewed in
Augmented Reality on
the digital model (right).

In this proposal, the tables of the treatise become the means by which the experience in
Augmented Reality is triggered (Fig. 2). In that respect, it is necessary to keep in mind the
substantial difference that exists between Virtual and Augmented Reality: virtual is synon-
ymous with illusory [Maldonado 2015], whereas, in Augmented Reality, the relationship
between the real world and digital content can be consolidated through the target [Bian-
chini, Fasolo, Camagni 2020].

The activation of the digital content in Augmented Reality permits, first of all, the visu-
alization of the digital model to comprehend the spatial configuration of the polyhedra
shown and compare the various models to deduce the relationship. The possibility of
visualizing the models together that have been classified in the same category is useful in
understanding the relationship between them. For example, this comparison in the case of
Kepler-Poinsot polyhedra is useful one can understand the principle of duality that exists
between the first two, the small and great stellated dodecahedron, and the following two,
the great dodecahedron and the great icosahedron (Fig. 3).

The AR exploration of the digital model to be observed and redrawn (Fig. 4), assimilates it
to the plaster models to be copied in drawing exercises, which consolidates the “aptitude
in sequential reasoning favoured also by the use of the hands” [Spadafora 2020] because it
participates in that rapport mind-eye-hand that if exercised stimulates graphic intelligence,
which is the capacity to solve spatial problems through observing, understanding, and rep-
resenting, as did Galileo regarding the lunar surface [Cicald 201 6], explorable only through
observation, exactly as with this collection which no longer exists in its physical form.
Orseolo Fasolo, in a letter to Riccardo Migliari, dated August 14, 1987, writes of the need
to once more place the physical model at the heart of teaching Drawing because copying
a model one learns to draw, especially “if the model is a geometric shape, one learns ge-
ometry” [Migliari 2001, p. 277]. These words are still very relevant because drawing is a
fundamental passage in the comprehension of a tridimensional shape even when the aim

Q0
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Fig. 5. The last activity:
creating one’s own paper
model starting from

the printable planar
development, provided as
additional material.

Fig. 6. Synthesis of the
interactive educational
experience.

is digital or physical modelling so the knowledge and application of Descriptive Geometry
are more important than any technological development [Rochman 2020].

The addition of explanatory material integrated with the digital model (Fig. 4), on the ge-
ometrical characteristics of the polyhedron and its creation, permits the acquisition of the
necessary notions for an autonomous reconstruction of the digital model. For example, in
even the simple case of the composition of two cubes, it is possible to investigate the prop-
erties of the resulting polyhedron and understand the stages of construction. In this manner,
the experience emerges as an auxiliary aid in teaching the theory of polyhedra.
Furthermore, the integration of explanatory material to the digital model convey to these
models the distinctive features of the mathematical model to clearly render the geometric
characteristics that the form represents, thus far missing for the reasons given by the author
himself [Brickner 1900, p. 183], and re-endowing to Brlickner's collection that pedagogical
value not entirely expressed in these photographic tables [Hart 2019].

Lastly, one’'s own construction of a paper model starting from the printable planar develop-
ment, offered as supplementary material (Fig. 5), concludes this itinerary of knowledge of
the polyhedra in the collection. The possibility of constructing by hand one’s own model has
important applicational relevance in the teaching of geometry and of representation because
it exploits the educational worth of craftsmanship and manual work [Albers 1944]. Magnus
Wenninger, in the introduction to Polyhedron Models, invites the reader to build their own
paper model to gain a formal proof of the reasoning underlying the creation of polyhedra
[Wenninger 1971], but even recent proposals in teaching context encourage the creation,
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on their own, of tangible objects to understand problems of a geometric nature [Cumino,
Pavignano, Zich 2020 ; Spadafora 2020; Cumino, Pavignano, Zich 2021].

At the same time, each paper polyhedron created through this experience will contribute to
giving renewed existence to the lost collection.

Conclusion

The originality of this project of musealization and interactive didactic activity consists pre-
cisely in the integration of the experiences of a diverse nature in a unitary project. The aim
of this proposal is the revival of those didactic thaters in which physical models were the pro-
tagonists [Gay 2000], modernizing them in communication with the new generations thanks
to the continuous interchange with the digital model in Augmented Reality.

The experimentation of this didactic activity and the subsequent validation through consolidated
models of learning evaluation would allow to demonstrate its potential in the educational scope.
The broader project of musealization of mathematical physical models could be configured
as an autonomous virtual museum, or as an experience to be inserted in a real museum
context such as, for example, MoMath in New York — of which Hart himself was a co-found-
er —where the exhibits and interactive experience were designed to stimulate curiosity and
evoke wonder: Linking the collections that can be explored in Augmented Reality to the real
exhibits, inclusivity and accessibility can be enhanced — even concerning the recent global
situation following the pandemic — and to the true museum experience in museums, it adds
an interactive experience between the digital and the real world.

In this manner, Augmented Reality becomes the vehicle for knowledge and, in the specific
case of Briickner’s collection, the instrument through which the physical models can re-
emerge from the two-dimensional condition of the photographic plates in which they are
immortalized, bequeathing this cultural heritage now gone.

Notes

[1] The research was carried out jointly by both authors, who, together; wrote the sections “Introduction”, “The Musealization
of Physical Mathematical Models: instruments and prospects”, and the “Conclusion”. The analysis in the treatise was carried out
by Giulia Tarei. The classification and musealization project in AR were carried out by Michela Ceracchi, who wrote the section

"The Collection in Augmented Reality: an interactive educational experience” and created all the images.

[2] By way of example, we note that the digital collection of the University of Rostock, Germany, makes explorable digital
models of some mathematical physical models from their collection.

[3] The models, as the author notes [Briickner 1900, Preface], were photographed by the firm Rémmler & Jonas di Dresda and
printed in the tables by collotype. The author furthermore invites the reader to freely visit the collection he owns.
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